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Abstract We define a phased graph G to yield an adjacency matrix A(G) having
general magnitude-1 values in the same locations as the usual unphased case, but sub-
ject to the restriction that A be Hermitian. Some characteristics of phased cycles, their
eigenspectra, their symmetry, and their net energy are contemplated and described.
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1 Introduction

A phased graph G is one with a phased adjacency matrix A = [auv]n
u,v=1 having

weights auv = eiθuv , where θvu = −θuv ∈ R. Thence, A is Hermitian, and so is
diagonalizable with real eigenvalues. Such matrices are realized in a few different
physico-chemical contexts, as indicated in [1].

Here, we treat in some detail the case that G is an n-cycle. The eigenvalues (and
eigenvectors) are neatly determined, what symmetries of the unphased case might be
preserved are identified, and the total energies for the system are developed. This work
constitutes a generalization of the simple (unphased) cycle in a way that is somewhat
different than the very extensively studied idea of “circulant” matrices [2], where
cyclic symmetry is manifestly preserved while allowing interconnections of general
(cyclically symmetric) weights.
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We follow common notation and ideas. In particular, the chemical energy ε0(G)

represents the Hückel-type ground-state energy, for a number of electrons matching
the number n of sites. That is ε0(G) is the sum over n jλ j where occupation numbers
n j for eigenvalues λ j are chosen between 0 & 2, so as to maximize ε0(G), subject
to the constraint that the n j sum to n. Also, εopt(G) is a maximal positive chemical
energy, with no constraint on matching the numbers of sites and electrons, whence the
net (molecular) charge qopt may be nonzero, and perhaps depend on the phases. It is
understood that for εopt(G) the positive energy orbitals are doubly occupied, and the
negative energy orbitals are unoccupied, while 0-energy orbitals are singly occupied.
In addition to the values of these different total energies, a natural question concerns
when qopt = 0.

2 Eigensolution

For the phased n-cycle Cn , with edge set E(Cn) = {{ j, j + 1} | j ∈ [1, n]} where
[1, n] := {1, 2, . . . , n}, and addition modulo n of these integers is understood, through-
out this paper. A useful invariant turns out to be the net phase

θ0 :=
⎛
⎝

n∑
j+1

θ j, j+1

⎞
⎠ mod 2π. (1)

Then

Theorem 1 For a single n-cycle Cn with phased adjacency matrix A(Cn), the eigen-
values are 2 cos η j with corresponding (unnormalized) eigenvector having k-th com-
ponent exp i(kη j −∑k

l=1 θl,l+1), where η j = (θ0 + 2π j)/n for the j-th eigencase,
j ∈ [0, n − 1].

Proof We start considering just the part of A ≡ A(Cn) which connects from vertex
j to ( j + 1) mod n, j ∈ [1, n]. That is, define a matrix C with ( j, k)-th entry = 0
except when k = j + 1, whence the value is eiθ j, j+1 . Further, consider the possibility
that the eigenproblem for C with the eigenvector �c has the j-th component eiϕ j , and
eigenvalue eiη. Then,

ei(θ j, j+1+ϕ j+1) = ei(η+ϕ j ), j ∈ [1, n]

so that given the θ j, j+1( j ∈ [1, n]), and ϕ1, we recursively determine ϕ2, ϕ3, . . . , ϕn

& η to satisfy these equations. Thence (say, with ϕ1 = 0),

θ j, j+1 + ϕ j+1 � η + ϕ j , j ∈ [1, n − 1],

where � is understood to mean an equality which could be modified by adding an
integer multiple of 2π . Use of this relation as a recursion for ϕ j+1 in terms of ϕ j gives
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ϕ j+1 � jη −
j∑

l=1

θl,l+1 + jϕ1.

For the case j = n, one has

ei(θn,1+ϕ1) = ei(η+ϕn) = ei(nη+(n−1)ϕ1−∑n−1
l=1 θl,l+1),

giving einη = ei(θ0−(n−2)ϕ1). Choosing ϕ1 = 0, we may take

η = θ0

n
+ 2π

l

n
, l ∈ [1, n],

whence we have achieved C�c = eiη�c, where c j = eiϕ j and c jk = eiθ j, j+1δk, j+1. Now,
also

eiθ j, j−1 c j−1 = ei(−θ j−1, j +ϕ j−1) = ei(ϕ j −η) = e−iηc j,

whence C†�c = e−iη�c, A = C† + C, and A�c = 2 cos η · �c. ��
This extends the standard result for the unphased cycle (given by Hückel [3]) and

the θ0 = π phased cycle (by Heilbronner [4]). Moreover, as a direct consequence of
this, an extension of the “pictorial” result of Frost and Musulin [5] for the unphased
case as well as the θ0 = π phased case (by Zimmermann [6]) follows:

Corollary 1.1 The eigenvalues of A for the phased n-cycle are the real parts of n
points equiangularly distributed around the |z| = 2 circle in the complex plane. At
θ0 = 0, the maximum eigenvalue sits at the intersection of this |z| = 2 circle with the
positive real axis. The eigenvalues vary continuously with θ0 such that the n points
on the |z| = 2 circle are rotated through an angle θ/n from the unphased (θ0 = 0)

position.

This diagrammatic construction orients the positive real axis downwards (thereby
correlating with common orbital energy-level diagrams – where the + direction is
upward but with eigenvalues multiplied by a negative parameter).

3 Symmetry

Without phasing, the problem is often elegantly solved through reference to (cyclic or
dihedral) symmetry, as eg. in [2]. Thence, one might wonder whether such symmetry
ideas apply in the case with a general distribution of phases.

Theorem 2 Let Cn be an n-cycle with phased adjacency matrix A ≡ A(Cn). Then,
the n × n matrix C with all entries 0 except c j, j+1 ≡ ei(θ j, j+1−θ0)/n generates a cyclic
group G = {C j | j ∈ [1, n]} commuting with A. Also, A = eiθ0/nC+e−iθ0/nC†, which
can be expressed in terms of the irreducible idempotents Ok (corresponding to irre-
ducible characters χk(C− j ) = eiπ jk/n) of the group algebra of G as A = ∑

j λ jO j

with the λ j = 2 cos[(θ0 + 2π j)/n] being eigenvalues of A.
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Proof If we let C be as in the proof of Theorem 1, then C = e−iθ0/nC and Cn =
e−iθ0Cn = I . But it is readily seen that Cn is diagonal, with a common value =
exp(i

∑n
j=1 θ j, j+1), which is just eiθ0 . Thus, Cn = I , and {C j | j ∈ [1, n]} ≡ G

forms a group, evidently with

A = eiθ0/nC + e−iθ0/nC−1.

Now, the group elements may be expressed in terms of the primitive (irreducible)
idempotents of the group algebra of G—these idempotents being well-known to be
given as

Ol = 1

n

n∑
j=1

e−2π il j/nC j .

See, e.g., [7] with ei2π jl/n = χl(C− j ) being the (also well-known) l-th irreducible
character for C− j . The desired (also well-known) “converse” relation is

C j =
n∑

l=1

e2π il j/nOl ,

whence

A =
n∑

l=1

(ei(θ0+2πl j)/n + e−i(θ0+2πl j)/n) · Ol =
n∑

l=1

2 cos ηl · Ol .

��
Thence, at least part of the automorphism group of the unphased n-cycle is retained

as a “phased” cyclic group G. But the unphased graph manifests additional involutory
elements (viewable as corresponding to reflections normal to the “molecular plane”
of a standard planar embedding of the graph). Wherefrom, a question arises as to
what happens in the phased case with the additional involutory elements of the phased
automorphism group.

Proposition 3 Let Cn be a phased single cycle with a net phase θ0 and C as in
Proposition 2. Then, a further nonzero n × n involutory matrix σ satisfying σC =
C−1σ & σ A(Cn) = A(Cn)σ is excluded except at θ0 = 0 or π , where the n × n
matrix σ is = 0 except the elements σ j,n− j = ei(θ+s j −sk ), where s j := ∑ j

l=1 θl,l+1.

Proof Any such σ augmenting G = {Cn | j ∈ [1, n]} yields G ∪ σG to be a dihedral
group with 2-dimensional irreducible representations induced from the irreducible Ol

with l �= 0, or (when n is even) n/2. But associated doubly degenerate eigenvalues
to A(G) do not occur so long as θ0 �= 0, π/n. Thus, such a σ (with a nonzero rep-
resentation) is precluded except possibly at θ0 = 0 or π/n (where there are double
degeneracies for n ≥ 3).
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In fact, this argument can be used constructionally from the degeneracies. From the
notation of Theorem 1, the 2-fold degeneracies are seen to occur exactly when given
an η, it turns out that η′ = −η also occurs (just at θ0 = 0 or π ). Letting �cη be the
corresponding eigenvector to C as in Theorem 1, now normalized, define ση := �cη�c †

−η.
Then, when θ0 = 0 or π , the idempotent

CσηC = (C�cη)(C
−1�c−η)

† = ση.

Thus, with σ := ∑
η ση, one has CσC = σ , from which along with σ 2 = I , one finds

σCσ = C−1.

Further, one then finds

σ Aσ = σ(C + C−1)σ = C−1 + C = A,

so that A & σ commute (still exactly, when θ0 = 0 or π ). Evidently ( j, k)-th entry of
σ is

σjk =
∑
η

cη j c
∗−ηk = 1

n

∑
η

ei(η j−s j )ei(ηk+sk ).

Then,

σ jk = 1

n

∑
l

e
i
(

θ0
n +2π l

n

)
( j+k)+i(sk−s j ) = δ( j+k),nei(θ0+sk−s j ). ��

Basically, with only the pure rotational symmetries, the numerous double degener-
acies for the unphased case no longer occur.

4 Total energies

We focus on the chemical energies, ε0(G) & εopt(G).

Theorem 4 Total chemical energies ε0(Cn) of a cycle Cn as function of n & θ0 ∈
[0, π ] are:
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ε0(Cn) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

4 cos
(

θ0−π
n

)
/ sin

(
π
n

)
, n = 4m;

4 cos
(

θ0
n

)
/ sin

(
π
n

)
, n = 4m + 2 ≥ 6;

4 cos
(

θ0−π/2
n

)
cos2

(
π
2n

)
/ sin

(
π
n

)
, n = 4m ± 1.

The ε0(Cn) at −θ0 are the same as at +θ0 and as at θ0 + 2π .

Proof From Corollary 1.1, the eigenvalues are seen to change continuously as a func-
tion of θ0, with the overall eigenspectrum invariant under θ0 → θ0 ± 2πk and θ0 →
±θ0. Sets of these eigenvalues with a given occupation number do not change so
long as θ0 is retained in a suitable range. Indeed, we may choose such a suitable
range to be [0, π/n], which is half the range whereafter the eigenspectrum “rotates”
(“reflects”) back into itself. For n = 4s or 4s + 2, the graph is bipartite, and the unph-
ased eigenvalues are symmetrically distributed about 0, with the case 4s + 2 having
no eigenvalues = 0, while 4s has a pair = 0. For the case n = 4s + 2, we then have
ε0(G) = ∑

j 2 · 2 cos(θ0 + 2π j/n), whence the sum is over the eigenvalues with an
occupation number = 2, namely over j = −s to +s. As such, we obtain

ε0(C4s+2) = 2
+s∑

k=−s

2 cos

(
θ0 + 2πk

n

)
= 2


(
eiθ0/n

+s∑
k=−s

e2πki/n

)

= 2

(

eiθ0/n e2π i(s+1)/n − e−2πsi/n

e2π i/n − 1

)

= 2

sin(π/n)

[
eiθ0/n + e−iθ/n

]
= 4 cos(θ0/n)

sin(π/n)
,

where 
(ξ) indicates the real part of ξ .
Next, for n = 4s, we take eigenstates j = − n

4 → + n
4 +1 to have occupation numbers

2, and all others = 0. Thence, we have

ε0(C4s) = 2
s−1∑

k=−s

2 cos

(
θ0 + 2πk

n

)
= 2


(
eiθ0/n

s−1∑
k=−s

e2πki/n

)

= 2

(

eiθ0/n e2πsi/n − e−2πsi/n

e2π i/n − 1

)
= 4

sin(π/n)
cos

(
θ0 − π

n

)
.

In a similar way, for n = 4s + 1, we obtain

ε0(C4s+1) = 2

[+s−1∑
k=−s

2 cos

(
θ0 + 2πk

n

)]
+ 1 · 2 cos

(
θ0 + 2πs

n

)

= 2

[

eiθ0/n

(
s−1∑

k=−s

e2π ik/n + 1

2
e2π is/n

)]
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= 2

[

eiθ0/n
(

e2π is/n − e−2π is/n

e2π i/n − 1
+ 1

2
ie

π i
(

1
2 − 1

2n

))]

= 2

[

eiθ0/n
(

ie3π i/2n − (−i)e−π i/2n

2i sin(π/n)
+ 1

2
ie−π i/2n

)]

= 2

[

eiθ0/n
(

e−π i/n cos(π/2n)

sin(π/n)
+ ie−π i/2n cos (π/2n) sin (π/2n)

sin (π/n)

)]

= 2
cos(π/2n)

sin(π/n)


[(

ei(θ0−π/2)/n + i sin (π/2n)) e−iπ/2n
)]

= 4
cos(π/2n)

sin(π/n)
cos

(
θ0 − π

n

)
− 2 sin

(
θ0 − π/2

n

)

= 2 · 4 cos2
( π

2n

)
cos

(
θ0 − π/2

n

)/
sin
(π

n

)
.

Lastly, for n = 4s − 1, we obtain

ε0(C4s−1) = 2

[ +s−1∑
k=1−s

2 cos

(
θ0 + 2πk

n

)]
+ 1 · 2 cos

(
θ0 − 2πs

n

)

= 2

[

eiθ0/n

(
s−1∑

k=1−s

e2π ik/n + 1

2
e−2π is/n

)]

= 2

[

eiθ0/n

(
e2π is/n − e−2π i(s−1)/n

e2π i/n − 1
+ 1

2
(−i)eπ i/2n

)]

= 2

[

eiθ0/n
(

ie−π i/2n − (−i)e+π i/2n

2i sin(π/n)
− i

2
eπ i/2n

)]

= 4
cos(π/2n)

sin(π/n)
cos

(
θ0

n

)
+ 2 sin

(
θ0 − π/2

n

)

= 2 · 4 cos2
( π

2n

)
cos

(
θ0 − π/2

n

)
/ sin

(π

n

)
.

Hence, we arrive at the overall proof. ��

These results are size extensive in that, for large n, the ε0(Cn) each scale ∼ n.
Indeed, the leading asymptotic term is identical in each case (= 4n/π), but has differ-
ent lower order corrections ∼1/n. Using (Maple-assisted) well-behaved Taylor series
expansions, we have

Corollary 4.1 The asymptotic large-n form for these ε0(Cn) are (for θ0 ∈ [0, π ]):
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ε0(Cn) − 4n

π
�

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

2π

[(
θ0
π

− 1
)2 − 1

3

]
1
n + O(n−3), n = 4m

π

[(
θ0
π

)2 − 1
3

]
1
n + O(n−3), n = 4m + 2

π

[
2
(

θ0
π

− 1
2

)2 + 1
3

]
1
n + O(n−3), n is odd.

In addition to ε0(Cn), one may also address the fully maximized energy εopt (G):

Theorem 5 When n is even, the phased graph Cn has εopt = ε0 (&qopt = 0) regard-
less of θ0. When n is odd (with |θ0| ≤ π )

εopt = ε0 + 2 sin

∣∣∣∣
π
2 − |θ0|

n

∣∣∣∣ and qopt =

⎧⎪⎪⎨
⎪⎪⎩

−1, |θ0| < π
2+1, |θ0| > π
2

}
, n = 4m + 1;

−1, |θ0| < π
2+1, |θ0| > π
2

}
, n = 4m − 1.

A charge qopt = 0 occurs for odd n at the boundaries when θ0 = ±π/2.

Proof The problem is to determine which eigenvalues λ j are positive for given n as
θ ranges over representative values, say, from −π/2 to +π/2. The number #+ of
such λ > 0 will be fixed over continuous ranges of θ0, and the secondary problem
of determining the number #0 of λ = 0 is answered as happening at the boundaries
of θ0 ranges where #+ changes. The #0 > 0 boundary points for θ0 are conventionally
identified by considering the condition under which an eigenvalue λ j = 0, which
occurs when 2 cos θ0+2π j

n = 0. If we deal with angles in changes symmetric about 0,
then we let −n/2 ≤ j ≤ n/2 and −π ≤ θ0 ≤ +π , so the λ = 0 condition occurs
when θ0+2π j

n = ±π
2 as is equivalent to θ0 = 2π(− j ±n/4). That is, to obtain θ0 (such

that λ j = 0) for −π < θ0 < π , one needs j to be near n/4 – namely, j = ∓�n/4�
or j = ∓�n/4�. It thus becomes convenient to consider different cases depending on
how close n comes to being divisible by 4.

For n = 4m, the situation is particularly simple, as then the θ0 value giving λ j = 0
(and #0 > 0) is just θ0 = 0, whence j = ±m and #0 = 2 & #+ = n

2 − 1. For values
of θ0 with 0 < θ0 < π, #0 = 0 & #+ = n/2. Thence, for all values of θ0, qopt = 0 &
εopt = ε0.

For n = 4m + 2, the θ0 values giving λ j = 0 (and #0 > 0) occur when j = ±m,
which in turn gives θ0 = ±π . Again we obtain qopt = 0 & εopt = ε0 for all values of
θ0.

For n = 4m +1, the θ0 values giving #0 > 0 occur when j = ±m and θ0 = ∓π/2.
Then, for −π/2 < θ0 < +π/2, #+ = m + 1, qopt = +1, and εopt = ε0 + λ±(m+1).
For θ0 > π/2 or θ0 < −π/2, we have #+ = m, qopt = −1, and εopt = ε0 − λ±m .

For n = 4m − 1, the θ0 values giving #0 = ∓π/2 occur when j = ∓m and
θ0 = ∓π/2. For −π/2 < θ0 < π/2, #+ = m, qopt = −1, and εopt = ε0 + λ±m . For
θ0 > π/2 or θ0 < −π/2, #+ = m − 1, qopt = +1, and εopt = ε0 − λ±(m−1).

The even-n result of the theorem is established with the first & second of these
cases. Each of the odd-n cases breaks up into 2 subcases where the correction of
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εopt to ε0 involves an eigenvalue λ j which is given in Theorems 1 and 2, but the
cosine corresponding to λ j has an argument near π

2 , so that it is illuminating to rewrite

cos
(

π
2 − δ

)
as ± sin δ = sin |δ|. Here, δ = ±

( π
2 −|θ0|

n

)
when n is odd. ��

These energies also have the same leading asymptotic for as one another, and ε0.
We find

Corollary 5.1 The asymptotic large-n form for these εopt (Cn) are (for odd n):

εopt − 4n

π
� 2π

[(
θ0

π
− 1

2

)2

+ 1

6
+
∣∣∣π

2
− |θ0|

∣∣∣
]

1

n
+ O(n−3), n is odd.

Another total energy εmath(G) is the sum of absolute values of eigenvalues of A(G)

[8–10]. It turns out that εmath(Cn) = εopt (Cn), but this is a special case of a much
more general result, as proven in [1].

5 Comments relating to Aihara’s resonance energy

Aihara suggested [11–14] a topological resonance energy (TRE) based on taking a
difference of ε0(G) from a suitable reference energy εref(G). This εref(G) is a sum
over the largest roots of a “circuitless” polynomial α(G; x) with occupation numbers
for corresponding roots exactly matching those for ε0(G). This α(G; x) is taken to be
the so-called matching polynomial [15] which involves summation over contributions
from permutations as for the characteristic polynomial, but excluding cycles (other
than 1- and 2-cycles). That is,

TRE(G) :=
∑

k

nk[λk(G) − μk(G)], (2)

where the nk are orbital occupation numbers, the λk(G; x) are the adjacency-matrix
eigenvalues, and the μk(G) are (the ordered) roots to

α(G; x) :=
G∑
π

(−1)n2(P)xn1(P), (3)

where the sum is over permutations P consisting solely of 1- and 2-cycles on edges of
G, and nc(P) denotes the number of c-cycles in P . The usual characteristic polynomial
is

φ(G; x) := det(x I − A) =
∑
P∈Sn

(−1)n+ne(π)

⎡
⎣

j �=π j∏
j

a j,P j

⎤
⎦ xn1(P), (4)

where I is a unit diagonal matrix, the sum is over all permutations P of the symmetric
group Sn, P j is the image of j under P, a j,k is the ( j, k)-th (phased) entry of A, and
ne(P) is the number of even cycles in P .
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Lemma 6 For a phased cycle Cn,

φ(Cn; x) = α(Cn; x) − 2 cos θ0. (5)

Proof By definitions (3) and (4), the expansion of φ(Cn; x) in powers of x entirely
includes a similar expansion of α(Cn; x) and one additional term corresponding to the
weight for the cyclic permutation of Cn . Of course, the cycling permutation may go
in either direction around the graph cycle, whence their net weight in the brackets in
(4) is

n∏
j=1

a j, j+1 +
n∏

j=1

a j+1, j =
n∏

j=1

eiθ j, j+1 +
n∏

j=1

e−iθ j, j+1 = eiθ0 + e−iθ0 = 2 cos θ0.

The sign with which this weight is included in (5) is (−1)n × (−1)n+ne(π) = −1. ��

Here, we note that the sign for 2 cos θ0 exactly obeys the famous Sachs method
[16], in which undirected cycles of all lengths invariably have the same weight −2 in
the expansion of the characteristic polynomial φ(Cn; x) := det(x I − A).

Aihara’s resonance energy was defined with respect to a reference polynomial,
but in general a reference system might be desired. Our Lemma 6 accords with
Aihara’s observation [19] that at least for a single cycle we have a reference system
(at θ0 = π/2).

6 Conclusion

The circumstance of a phased cycle graph is here fairly thoroughly treated. The
eigenproblem is solved, symmetries are identified, various net energies are devel-
oped, and a reference system for Aihara’s topological resonance energy is noted. The
eigenspectrum for the phased case is evidently intimately related to that of the unph-
ased case, as is pictorially evident from Corollary 1.1 generalizing the Frost-Musulin
[5] diagrammatics. The cyclic part of the symmetry of the unphased cycle is preserved
regardless of the pattern of phasing, and the involutory symmetries are typically ab-
sent. A reference system for Aihara’s topological resonance energy has been identified
in the cyclic case.

Notably, the so-called “extended” Hückel-Möbius rule (eg., as advocated by
Zimmermann [17,18]) accounting for the consequences of the “Möbius” sign effect
is now even further extended to deal with general net phases. When the numbers of
sites & electrons match: If the net phase θ0 = 0, n = 4m + 2 is favored, then, if
θ = π , then n = 4m is favored; and if intermediate phasing with θ0 = π/2, occurs,
then n = 4m ± 1 is favored. Net π -network charges qopt other than 0, are favored for
odd n, in accordance with Theorem 5.
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(via grant BD-0894).
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